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Abstract—In this paper, we study the structure of cyclic, quasi
cyclic, constacyclic codes and their skew codes over the finite ring
R. The Gray images of cyclic, quasi cyclic, skew cyclic, skew
quasi cyclic and skew constacyclic codes over R are obtained.
A necessary and sufficient condition for cyclic (negacyclic) codes
over R that contains its dual has been given. The parameters of
quantum error correcting codes are obtained from both cyclic and
negacyclic codes over R. Some examples are given. Firstly, quasi
constacyclic and skew quasi constacyclic codes are introduced.
By giving two inner product, it is investigated their duality. A
sufficient condition for 1 generator skew quasi constacyclic codes
to be free is determined.
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I. INTRODUCTION

In the beginning, a lot of research on error-correcting codes
are concentrated on codes over finite fields. Since the revelation
in 1994 [17], there has been a lot of interest in codes over finite
rings. The structure of a certain type of codes over many rings
are determined such as negacyclic, cyclic, quasi-cyclic, consta
cyclic codes in [6,11,20,21,22,23,26,32]. Many methods and
many approaches are applied to produce certain types of codes
with good parameters and properties.

Some authors generalized the notion of cyclic, quasi-cyclic
and constacyclic codes by using generator polynomials in skew
polynomial rings [1,2,5,7,8,9,14,15,18,27,30].

Moreover, in [10] Calderbank et al. gave a way to
construct quantum error correcting codes from the classical
error-correcting codes, although the theory of quantum error-
correcting codes has striking differences from the theory of
classical error correcting codes. Many good quantum codes
have been constructed by using classical cyclic codes over
finite fields or finite rings with self orthogonal (or dual
containing) properties in [3,12,13,16,19,24,25,28,29,31].

In [4] they introduced the finite ring R = Z3[v]/ (v® — v).
They studied the structure of this ring. The algebraic structure
of cyclic and dual codes was also studied. A MacWilliams
type identity was established.

In this paper, first of all we gave some definitions. By
giving the duality of codes via inner product, it is shown that
C' is self orthogonal code over R, so is ¢ (C), where ¢ is a
Gray map.

The Gray images of cyclic and quasi-cyclic codes over R
are obtained. A linear code over R is represented using three
ternary codes and the generator matrix is given.
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After a cyclic (negacyclic) code over R is represented via
cyclic (negacyclic) codes over Zs, it is determined the dual of
cyclic (negacyclic) code. A necessary and sufficient condition
for cyclic (negacyclic) code over R that contains its dual is
given. The parameters of quantum error-correcting codes are
obtained from both cyclic and negacyclic codes over R. As a
last, some examples are given about quantum error-correcting
codes.

When n is odd, it is defined the A-constacyclic codes over
R where A is unit. A constacyclic code is represented using
either cyclic codes or negacyclic codes of length n.

It is found the nontrivial automorphism 6 on the ring R.
By using this automorphism, the skew cyclic, skew quasi-
cyclic and skew constacyclic codes over R are introduced. The
number of distinct skew cyclic codes over R is given. The Gray
images of skew codes are obtained.

Firstly, quasi-constacyclic and skew quasi-constacyclic
codes over R are introduced. By using two inner product, it
is investigated the duality about quasi-constacyclic and skew
quasi-constacyclic codes over R. The Gray image of skew
quasi-constacyclic codes over R is determined. A sufficient
condition for 1-generator skew quasi-constacyclic code to be
free is determined.

II. PRELIMINARIES

Suppose R = Z3 + vZ3 + v2Z3 where v3 = v and Z3 =
{0,1,2}. R is a finite commutative ring with 27 elements.
This ring is a semi local ring with three maximal ideals. R is
a principal ideal ring and not finite chain ring. The units of
the ring are 1,2,1 4+ v%, 1+ v+ 2021+ 20+ 2022 +v +
12,2 4+ 20 + v?, 2 + 2v2. The maximal ideals,

(v) = (2v) =(v?) = (2*)
= {O,v,2v,02,2v2,v+v2,v—|—2112,211—1—112,
2v + 20v%}

(1+v) = (2+420) =(1420+0v") = (24 v+ 207)
= {0,14+v,2+2v,v+v% 20+ 2021+ 2v
+0%, 1+ 20%,2 + 0%, 2 4+ v + 20°}
(1+v+0?) = (1+20)=(2+v)=(2+2v+2?%)

= {0,24v,1+4 20,20+ v v+ 202, 2+ 07,
142022420 + 202, 1 + v+ 0%}
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The other ideals,

0 = {0
1) = 2)=(1+v")=(1+v+2°)
(1+20+20%) = (2+v+0?)
(2+20+0?) =(2+20%) =R
(1+20%) = (240*) ={0,2+0*,1+ 20°}
<v+v2> = <2U+2v2>:{0,v+v2,2v+2v2}
(v+20*) = (20+0*) ={0,v+2v%2v+ v}

A linear code C over R length n is a R—submodule of
R™. An element of C is called a codeword.

For any = = (x()vxla---axn—l), Yy = (y07y17 ~-~7yn—1) the
inner product is defined as

n—1
Ty = Z TiYi
=0

If z.y = 0 then x and y are said to be orthogonal. Let C' be
linear code of length n over R, the dual code of C

Ct={z:VyeCuaxy=0}

which is also a linear code over R of length n. A code C is
self orthogonal if C' C C* and self dual if C = C*.

A cyclic code C over R is a linear code with the
property that if ¢ = (co,c1,...;¢n—1) € C then o (C) =
(Cn—1,C0y -y Cn—2) € C. A subset C of R" is a linear cyclic
code of length n iff it is polynomial representation is an ideal
of Rz]/{(z™ —1).

A constacyclic code C over R is a linear code with the
property that if ¢ = (co,c1,y...,¢n—1) € C then v (C) =
(Acn—1,€0; -y Cn—2) € C where X is a unit element of R. A
subset C' of R™ is a linear \-constacyclic code of length n iff
it is polynomial representation is an ideal of R [z] / (z™ — \).

A negacyclic code C' over R is a linear code with the
property that if ¢ = (¢g,c1,...,¢n—1) € C then n(C) =
(=Cn-1,€05--sCn—2) € C. A subset C of R™ is a linear
negacyclic code of length n iff it is polynomial representation
is an ideal of R[z]/ (z™ +1).

Let C be code over Z3 of length n and ¢ =
(¢o,¢4, ..., én—1) be a codeword of C. The Hamming weight of
¢ is defined as wyr (¢) = Y20 wp (¢;) where wyr (é) = 1
if ¢, # 0 and wy (é) = 0 if ¢; = 0. Hamming distance
of C is defined as dy (C) = mindy (¢, ¢), where for any
¢ € C, c# ¢and dy (c,¢é) is Hamming distance between two
codewords with dy (¢, ¢é) = wy (¢ — ¢) .

Let a € Z3" with a = (ag,a1,...,a3n—1) =
(@ ]aM]a®), D e Zp for i = 01,2
Let ¢ be a map from Z5" to Z3" given by

¢ (a) = (o () |o (aW)]o (a®)) where o
is a cyclic shift from Z3 to Zg given by
o (@) = ((@tn ), (@ 0), (aD), ., (alin2)) for
every a® = (a®9 .. a7 V) where o) € Zj,

7=0,1,....,n — 1. A code of length 3n over Z3 is said to be
quasi cyclic code of index 3 if ¢ (C) = C.
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Let n = sl. A quasi-cyclic code C' over R of length n and
index [ is a linear code with the property that if

e = (60707 ey €0,1—15€1,0y oy €1,1—15 ooy E5—1,0y -+ 65_1,1_1) €
C,then 75 ; (€) = (€5-1,05 s Es—1,1—15 €0,05 +++s €0,I—1 -++s €5—2.0 5
...,6572’171) eC.

Let a € Zgn with a = (CL07G,17 ...,agn,l) =
(a® M| a(z)g ,aV € Zp, for i = 0,1,2. Let T be a map
from Z3" to Z3™ given by

= (1(6) o () o)

where (1 is the map from Z3 to Z§ given by
u(a?) = (@), (@), .., (a2

for every al = (a9, ... a®*~1)) where a(™) € Z}, j =
0,1,...,s—1 and n = sl. A code of length 3n over Z3 is said
to be l—quasi cyclic code of index 3 if I' (C) = C.

III. GRAY MAP AND GRAY IMAGES OF CYCLIC AND
QuaAsi-cycLiC CODES OVER R

In [4], the Gray map is defined as follows
¢ : R—Z3
pla+uvb+vc) = (a,a+b+c,a+2b+c)

Let C' be a linear code over R of length n. For any
codeword ¢ = (cg,...,c,—1) the Lee weight of ¢ is defined
as wr (¢) = S wp (c;) and the Lee distance of C is
defined as dy, (C) = mindy, (¢,¢), where for any é € C,
¢ # ¢ and dy, (¢, ¢) is Lee distance between two codewords
with dy, (¢,¢é) = wy, (c — ¢é). Gray map ¢ can be extended to
map from R" to Z5".

Theorem 1: The Gray map ¢ is a weight preserving map
from (R™ Lee weight) to (Z5", Hamming weight). More-
over it is an isometry from R" to Z3".

Theorem 2: If C is an [n, k,dy] linear codes over R then
¢ (C) is a [3n, k, dy] linear codes over Zs, where dy = d,.

Proof: Let & = a1 + vby + v%c1, y = as + vby + v2%cy €
R,a € Z3 then

¢ (x+y) = (a1 +az+v (b +b) +v%(c1 +c2))

= (a1 +ag,a1 +as + b1 +ba+c1 +co,a1 +as +
Q(bl +b2)+01 +02)

= (a1,a1 + b1 +c1,a1 + 2b1 + 1) + (az, a2 + by +
Co, Q9 + 2b2 +Cg)

=¢(x) + ¢ (y)

o (ax) = ¢ (aa1 + vaby + 'Uzozcl)
= (aa1,aa; + aby + acy, aar + 2aby + acy)
= a(ar, a1 + by +c1,a1 +2b1 + 1)
-

o ¢ is linear. As ¢ is bijective then |C| = |¢ (C)|. From
Theorem 1 we have dyg = d.. [ |

Theorem 3: 1If C' is self orthogonal, so is ¢ (C').
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Proof: Let © = a; + vby + v3c1, ¥ = as + vby + v2cy
where a1, by, c1, as,bs,co € Z3. From
.Yy = ai1a2 + U(a1b2 + b1a2 + b102 + Clbg) + U2(a102 +
biby + c1a9 + c1c2) if C is self orthogonal, so we have

aja = O,
aibs + braz + bicz + c1b2 = 0,
a1C2 + b1by + cras + c1co = 0.

From

¢ (x).¢(y) = (ar,a1 + by +c1,a1 + 2b1 + c1)(az, a2 + ba +
2, a2 +2by+c2) = ajaz +ajaz +arby +aico+braz+b1by +
bico + cras + c1ba + c1c9 + aras + 2(&11)2 + bras + bico +
Clbg) + ajco + ble +ci1a2 + c1c0 = 0

Therefore, we have ¢ (C) is self orthogonal. |

Note that ¢ (C)J‘ = ¢ (C*) . Moreover, if C is self-dual,
sois ¢ (C).
Proposition 4: Let ¢ the Gray map from R" to Z3", let

o be cyclic shift and let ¢ be a map as in the preliminaries.
Then ¢o = .

Proof: Let r; = a; + vb; + v?c; be the elements of
R for i = 0,1,.....,n — 1. We have o (ro,71,...,"n—1) =
(Fn—1,70,---,Tn—2) . If we apply ¢, we have

¢ (o (rossTn—1)) = O(Tn-1,70, s n—2)
= (anfla---aanf%anfl +bn71 + Ccn—1

gy Gn—2 + bn72 + Cn—2,0n-1+
2b, 1+ Cp1y ey Qp_o+2b, o+
Cn72)
On the other hand ¢(rg,...,7n-1) = (ag, ..., Gn-1,a0 + by +
€05 vy Ap—1+bp—1+ Cn—1,00 +2bg + Co, -y Ap—1 + 2bp—1 +
cn—1). If we apply ¢, we have p(é(ro,71,...;7n—1)) =
(anfla ey p—2,0n—1 + bnfl + Cp—1,-+yAn—2 + bn72 +
Cn—2,0n-1 + 2bnfl +Cn—1,.,Qn—2 + an72 + Cn72)' Thus,
Po = po. [

Proposition 5: Let o and ¢ be as in the preliminaries. A
code C' of length n over R is cyclic code if and only if ¢ (C)
is quasi cyclic code of index 3 over Z3 with length 3n.

Proof: Suppose C is cyclic code. Then o (C) = C. If
we apply ¢, we have ¢ (0 (C)) = ¢ (C'). From Proposition
4, (0 (C) = p(¢(C)) = ¢(C). Hence, ¢ (C) is a quasi
cyclic code of index 3. Conversely, if ¢ (C) is a quasi cyclic
code of index 3, then ¢(¢ (C')) = ¢ (C) . From Proposition 4,
we have ¢ (¢ (C)) = ¢ (o (C)) = ¢ (C) . Since ¢ is injective,

it follows that o (C) = C. [ |
Proposition 6: Let 7,; be quasi-cyclic shift on R. Let I'
be as in the preliminaries. Then ¢7,; = I'¢p.

Pl’OOf:' Let e = (60,0, -y €0,0—-1,€1,0y -+, €1,1—15 -+, €5—1,0»
w€s—1,1-1) With e;; = a;; + vb;; + vzci’j where ¢ =
0,1,..,s —1and j = 0,1,....,] — 1. We have 75, (e) =
(63_1,0, ...,65_171_1, 6070, ...,60,5_17 ceey 63_2,0, ceey 68_271_1). If
we apply ¢, we have

O(1s1(€)) = (@s=1,0y s As—2,1—1,Gs—1,0 + bs—1,0 + Cs—1,0
yerGg—2 11+ be_21 1+ Co_21-1,05_1,0 +
2bs_1,0 + Cs—1,05 s As—2,1—1 + 2b5_2;_1 +

Cs—2,l—1)
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On the other hand,

¢le) = (ao,0,-rGs-11-1,00,0 + bo,o + €00, -, G511 +
bs—1,-1+ cs—1,-1,00,0 + 2bo,0 + Co,0, -y Bs—1,1-1
+2bs_1,-1 + Cs—1,0-1)

F((p(e)) = (as—l,Oa-~-aas—2,l—17as—1,O + bs—l,O +

Com1,00 -3 Os—21—1 T bs_21-1 + Cs—21-1,0s—1,0 + 2bs_1,0 +
Cs—1,0y -+ As—2,]—1 T 21)5,2}1,1 + 05,2’171). So, we have
@Ts,1 = L. ]

Theorem 7: The Gray image of a quasi-cyclic code over
R of length n with index [ is a [-quasi cyclic code of index 3
over Z3 with length 3n.

Proof: Let C be a quasi-cyclic code over R of length n
with index [. That is 75, (C) = C. If we apply ¢, we have
(75,1 (C)) = ¢(C). From the Proposition 6, ¢ (75, (C)) =
@ (C) =T (¢ (C)). So, ¢ (C) is a I quasi-cyclic code of index
3 over Zs with length 3n. ]

We denote that A1 @ Ay ® Az = {(al,ag,ag) Lap €
Al,ag 6A2,Q3€A3} and A, @AQ@AgZ{al-f—aQ-f—agi
a € Al,ag c Ag,ag, € Ag}

Let C be a linear code of length n over R. Define

c, = {CLEZ:?IHb,CGZg,a+’Ub+’UQC€C}
Cy = {a+tb+ceZ at+vb+v’ceC}
C; = {a+2b+ce€Zf:a+vb+v’ceC}

Then C7,C5 and C3 are ternary linear codes of length
n. Moreover, the linear code C of length n over R can be
uniquely expressed as C' = (1 + 2v%)C; @ (2v + 20?) Co @
(U + 27)2) 03.

Theorem 8: Let C' be a linear code of length n over R.
Then ¢ (C) = C1 ® C2 ® C3 and |C| = |C4]|Ca]| |Cs] .

Proof: For any (ag,ai,...,an—1,a0 + bo + co,a1 +
by +c1yyGn1 + b1 + Cuo1,a0 + 2bg + co,a1 + 2b1 +
Cly ey 1 + 2b,_1 + Cn—l) S d)(C) Let m; = a; +
vb; + v%¢;, i = 0,1,...,n — 1. Since ¢ is a bijection m =
(mg,m1,...,mp—1) € C. By definitions of C1,Cs and Cj
we have (ao,al,...,an_l) € Cl,(ao + by + co,a1 + b1 +
Clyey U1 + byt 4+ cn_1) € Ca, (ag + 2bg + co, a1 + 201 +
Cly ey Qp_1+2by_1 —I-Cn,l) € (3. So, (ao,al, vy Qp—1, G0 +
bo+co,a1+b1+cy,...,an_1+by_1+cn_1,a0+2bg+co, a1+
2b1 +¢1y ey @1 +2by—1 + 1) € C1 ® Cy ® Cs. That is
p(C)CCL®CyQCs.

On the other hand, for any (a,b,c¢) € C; ® Cy ® Cs
where a = (ag,a1,...,an—1) € Ci, b = (ap + bo +
co,a1 +bi +ci,yoyn1 +bp1 + cp_1) € Co, ¢ = (ag +
2bo + co a1 + 2by + c1, . an1 + 2by_1 4+ cp_1) € Cs.
There are = (20,21, 0sTn—1)s Y = (Y0, Y1s-es Yn—1)>
2 = (20,21, 2n_1) € C such that z; = a; + (v + 2v?)p;,
¥ = b; + (1+2v2) qi, 2 = ¢ + (21)—1—21)2) r; where
i, Gi,7; € Zz and 0 < ¢ < n — 1. Since C is linear
we have m = (1 + 20%)z + (20420 y + (v+20?) z =
a+v(2b+ ¢) + v*(2a + 2b + 2¢) € C. It follows then
¢ (m) = (a, b, c), which gives C; ® Co @ C5 C ¢ (C).

Therefore, ¢ (C) = C1 ® Cy ® C3. The second result is
easy to verify. [ |
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Corollary 9: If ¢ (C) = C; ® Cy ® Cs, then C = (1 +
202)C1 @ (20 + 2v%) Cy ® (v + 2v?) C3. It is easy to see that
C| = |C4]|Ca||C| = 3n—des(f1) gn—des(f2) gn—deg(fs)

— 33n—(deg(f1)+deg(f2)+deg(f3))
where f1, fo and f3 are the generator polynomials of C7,Co
and C'3, respectively.

Corollary 10: If G1,G> and (G3 are generator matrices
of ternary linear codes C7,C5 and Cj respectively, then the
generator matrix of C' is

(1 =+ 21}2)G1
G=| (2v+2v%) Gy
(’U + 2'1)2) G3
We have
o((1+20°)Gy) G 0 0
o(G) = ¢((2v + 2v2) Go) | = 0 Gy O
o((v+2v%) G3) 0 0 Gs

Let dr minimum Lee weight of linear code C' over R.
Then, dL = dH(¢(C)) = mll’l{dH(Cl),dH(CQ)7dH(Cs)}
where dy(C;) denotes the minimum Hamming weights of
ternary codes C1, Co and Cs, respectively.

As similiar to section 4 in [4] we have the following
Lemma and Examples.

Lemma 11: Let C = (f(x)) be a negacyclic code of length
n over R and ¢ (£(2)) = (fu. f, fz) with deg(ged(fy, 2" +
1)) = n—ki,deg(ged(f2, 2" +1)) = n—ko, deg(ged(f3, 2" +
1)) = n — k3. Then, |C| = 3k tkatks

Example 12: Let C = (f(z)) = ((2v+2v*)2? + (1420 +
2v?)x + 1) be a negacyclic code of length 3 over R. Hence,
é(f(x)) = (x+ 1,22+ 2z + 1,2+ 1) and

fi = gedz+ 1,28 +1)=a+1
fo = ged(@®+2z4+1,2°4+1) =22 +22+1
fs = ged(z+1,2°+1) =z +1

So we have |C| = 3212 = 35,

Example 13: Let C = (f(x)) = (v2z* + va® + (1 +
202)2? + 2vx + 1) be a negacyclic code of length 10 over R.
Hence, ¢(f(z)t) = (22 +1, 2" + 23+ 22+ 1, 2t +22° + 2 +1)
and

fi = ged(z®+ 1,20 +1)=2%+1
fo = ged@® +28 +20+ 1,20 + 1) =2 + 23+ 20 +1
fa = ged@* 423 v+ 1,20+ 1) =2+ 203+ +1

So we have |C| = 38+6+6 = 320,

Let h;(z) = (2™ + 1)/(ged(a™ + 1, f;)). Hence, C+ =
(7" (h1y(2), hoy (2), b3y (x))) where h;, (x) be the recipro-
cal polynomial of h;(x) for ¢ = 1,2, 3. By using the previous
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Example 13,

CJ_ = <¢71 (th(x)7h2R(x)7h3R(x))>
= (o M(a® +22° + 2t + 202 +1,2% + 25 + 2t 4 22
422 + 1,25 + 22° + 2t + 2% 4 2+ 1))
= (14202 + (24 20H)2® + va® + 24
+(2 + 20?)z? + 2vz + 1)

IV. QuAaNTUM CODES FROM CYCLIC (NEGACYCLIC)
CODES OVER R

Theorem 14: Let Cy = [n,k1,d1], and Cy = [n,kg,dg]q
be linear codes over GF(q) with C5- C (. Furthermore,
let d = min{wt(v) v € (C1\CF) U (CH\Cy)} >
min{d, ds }.Then there exists a quantum error-correcting code
C = [n, k1 + kg —n,d],.In particular, if C{- C C1, then there
exists a quantum error-correcting code C' = [n,n — 2ky,d;],
where d; = min{wt(v) : v € (C{-\C1)} [16].

Proposition 15: Let C = (1+ 2v?)C; & (21} + 2v2) Cy @
(v + 2v?) C; be a linear code over R. Then C'is a cyclic code
over R iff C1,C5 and Cj5 are cyclic codes.

Proof: Let (ao,al,...,an,l) e (1, (bo,bl,...,bnfl) S
Cy and (co,¢1,...,¢cn—1) € Cs5. Assume that m; = (1 +
20%)a; + (2v+2v2) b; + (v+2v2) ¢; for i = 0,1,....,n —
1. Then (mg,my,...,mp—1) € C. Since C is a cyclic
code, it follows that (m,_1,mg,...,m,_2) € C. Note that
(Mp—1,M0, ey Mp—2) = (14202)(an_1, a0, .., Gn_2)+(20+
2U2)(bn_1, bo, .-, bn_2)+(1}+21}2)(0n_1, COy oees Cn_g). Hence
(an—1,a0,san—2) € C1,(bn-1,b0,.,bn—2) € C2 and
(¢n-1,C0y--ryCn—2) € Cs. Therefore,C7,Cy and Cs cyclic
codes over Z3.

Conversely, suppose that C4,Cs
codes over Zs. Let (mg,my,....,mu_1)

and C3 cyclic
€ C where

m; = (1 + 2v¥)a; + (21}—!—21}2) b, + (v+2v2) C;
for ¢ = 0,1,...,n — 1. Then (ap,ai,....,an—1) €
017(b0,b17...7bn,1) S CQ and (Co,cl,...,cn,l) S

Cs. Note that (myu—1,M0, ... Mp_2) = (1 +
21)2)(04”,1, AQy oeey an,g) + (2’[) + 2’[)2) (bnfl, bo, cony bn,Q) -+
v+ 21)2) (Cn1,C05sCn2) € C = (1 + 20H)C; @

20+ 2v%) Cy @ (v + 20?) C3. So, C is cyclic code over R.

| ]

Proposition 16: Let C = (1 + 2v?)Cy & (2v + 20?) C2 &
(v + 2v?) C; be a linear code over R. Then C is a negacyclic
code over R iff C,Cy and C5 are negacyclic codes.

Proof: Let (ag,ay,...,an—1) € C1, (bg,b1,....;bpn_1) €
Cy and (co,C1,-50n—1) € Cs . Assume that
m; = (1 + 2v%)a; + (2v+2v2) b, + (v+2v2) c; for
1=0,1,...,n—1. Then (mg, my, ..., my—1) € C. Since C'is a
negacyclic code, it follows that (—m,,_1,mg, ..., m,_2) € C.
Note  that  (—m,_1,M0Q, .., My_2) = (1 +
202)(—an_1, 00, -y An—2)+(204+202) (=by_1, b0, ., bp_2)+
(v+2v2)(=¢p_1,C0, -y Cn—2). Hence (—an_1,0a0, -, Gn_2) €
Cla<7bn—1vb()7"~7bn—2) € C2 and (*Cn—17007"'7cn—2) S
Cjs. Therefore, C7,Cs and C3 negacyclic codes over Z3.

Conversely, suppose that C;,C and (35 negacyclic
codes over Zs. Let (mg,mq,..,mu—1) € C where

mi = (1 + 20%)a; + 2v + 20%)b; + (v + 20%)¢;
for ¢ = 0,1,....n — 1. Then (ag,a1,...,an—1) € Ci,
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(b(),bl,..wbn,l) € (5 and (C(),Cl,...,Cnfl) e Cs.
Note  that  (—mp—1,M0, ..., Mp_2) = (1 +
21}2)(70,”_1, AQy ---y an_2)+(2’l}+2’02)(7bn_1, bo, ceey bn_2>+
(v 4+ 2v%)(—cpn_1,C0, -, Cn_2) € C = (1 +20%)C1 @ (20 +
202)Cy @ (v + 2v?)C3. So, C is negacyclic code over R. M

Proposition 17: Suppose C = (1 + 20%)0C; @

(2v+20%)Cy & (v+20%)C3 is a cyclic (negacyclic)
code of length n over R. Then

C =< (1+20°)f1, (20 + 21}2) f2, (v + 2112) f3>

and |C| = 33— (degfitdegfotdesfs) where fi,f, and fs
generator polynomials of C1,Cy and C5 respectively.

Proposition 18: Suppose C' is a cyclic (negacyclic) code
of length n over R, then there is a unique polynomial f ()
such that C = (f (z)) and f (x) | 2”—1 (f (x) | 2™ +1) where
(@) = (1420*) fi(@) + (2v + 20%) fo(2) + (v + 20°) fs(@).

Proposition 19: Let C be a linear code of length n over
R, then C*+ = (1+20%)CT @ (20 + 2v?) C3 & (v + 20%) CF-.
Furthermore, C is self-dual code iff C';, C5 and Cj3 are self-
dual codes over Z3.

Proposition 20: If C = (14 2v?)C & (2v 4 20?) Co &

(v + 20v?) Cs is a cyclic (negacyclic) code of length n over R.
Then

C* = ((1+20%)h] + (2v + 20°) h} + (v + 20%) h3)

and |C*| = 3deshifdesfotdesfs where for i = 1,2,3,
hf are the reciprocal polynomials of h; ie., h;(z) =

(@ — 1) /fi (z) (hi (2) = (2" +1)/fi(2). hi(x) =
xaeeip, (93’1) fori=1,2,3.

Lemma 21: A ternary linear cyclic (negacyclic) code C
with generator polynomial f (x) contains its dual code iff

2" —=1=0(modf f*), @ +1=0(modff"))
where f* is the reciprocal polynomial of f.

Theorem 22: Let C' = ((1 + 2v2)f1, (2v + 2v%) fo, (v +
2v2) f3) be a cyclic (negacyclic ) code of length n over R. Then
C+ C Ciff 2™ — 1 = 0 (modfif}) (x™ + 1 = 0 (modf; f}))
for:=1,2,3.

Proof: Let ™ — 1 =
0 (modf;f¥)) for i =

0 (modf;fF) (z™ + 1
; 1,2,3. Then C{+ C Cy,C%
Cy,C5 C C3. By using (1 + 2%)Cf+ < (1
20%)C1, (20+20%) CF C (20 + 20%) Cs, (v+20%) CF
v+ 20%) C3. We have (1 + 20%)Ci @ (2v+20%) C3- @
v+ 20%) Cf C (1+2’U2)C’1@(2v + 21}2) Co® (11 + 21}2) Cs.
So, (14 20%)h} + (2v+2v%) h} + (v+20%) hE) C (1 +
20?) f1, (20 + 20?) f2, (v + 20?) f3). Thatis C*+ C C.

N1

Conversely, if C+ C C, then (1 + 203)C{ @
20+20%)Cf & (v+20%)C3y C (1 + 2°)C, &
20+ 20%) Cy ® (v+20?)Cs. By thinking mod(l +

2v?),mod (2v 4 2v%) and mod (v + 2v?) respectively we
have Ci+ C C; for i = 1,2,3. Therefore, 2" — 1 =
0 (modf; f¥) (™ +1=0(modf;f})) fori=1,2,3. ]

Corollary 23: C = (1 + 20%)Cy @ (20+2v?)Cy @
(v+20v?) C3 is a cyclic (negacyclic) code of length n over
R. Then C+ C C iff Ci- C C; fori =1,2,3.
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Example 24: Let n = 6, R = Z3 + vZ3 + v2 73,03 = v.
We have 2% — 1 = (222 + 2)(2% +2)(222 + 1) = f1f2f5 in
Z3 |x]. Hence,

fi = 2*+2=A
fi = 22°4+1=f;
fi = 2*+2=/

Let C = ((1+ 20v?) f2, (20 + 20?) f2, (v + 20?) f3). Ob-
viously % — 1 is divisibly by f; f; for i = 2, 3. Thus we have
ctcc.

Example 25: Let n = 10,R = Z3 +vZ5 +v2Z3,v% = 0.
We have 21041 = (224+1) (2 +234+22+1) (2* +223 +2+1) =
919293 in Z3 [x]. Hence,

g = Z+1=g
g = zt+2d rat+l=gs
g = 2+ 23420 +1=go

Let C = ((1+2v%)gs, (20 + 2v?) ga, (v + 20?) g3) . Ob-
viously 19 +1 is divisibly by g;g; for i = 2, 3. Thus we have
ctcco.

Theorem 26: Let C be linear code of length n over R with
|C| = 33k1+2k2+ks and minimum distance d. Then ¢ (C) is
ternary linear [3n, 3k, + 2k2 + k3, d] code.

Using Theorem 14 and Theorem 22 we can construct
quantum codes.

Theorem 27: Let (1 + 20%)C7 & (2v+20?)Cy @
(v + 2v?) C3 be a cyclic (negacyclic) code of arbitrary length
n over R with type 27%19%23%s If Ci* C C; where i = 1,2,3
then C+ C C and there exists a quantum error-correcting
code with parameters [[3n,2(3k; + 2ke + k3) — 3n, dr]]
where dy, is the minimum Lee weights of C.

Example 28: Letn = 6. We have 26 —1 = (222 42) (2% +
2)(22%+1)in Z3 [z] . Let f1 (z) = fo (7) = 2242, f3 = 222+
1. Thus C =< (1 + 2v%)f1, (20 + 2v%) fo, (v +207) f3 >.
C is a linear cyclic code of length 6.The dual code C+ =
((1+20)hi, (2v + 20%) h3, (v + 2v%) ki) can be obtained
of Proposition 20. Clearly, C+ C C. Hence, we obtain a
quantum code with parameters [[18,6,2]] .

Example 29: Let n = 8. We have 28 — 1 = (x +
D(x + 2)(2? + 1)(z% + = + 2)(2® + 22 + 2) in Z3[z]. Let
filx) = fo(z) = f3(x) = 22 + 1. Thus C = ((1 +
20%) f1, (2v + 20?) fa, (v + 20?) f3). C is a linear cyclic code
of length 8. Hence, we obtain a quantum code with parameters

[[24,12,2]].

Example 30: Let n 12. We have z!2 — 1
(m—1)3(x3+m2+x+1) in Zs [z]. Let f1 (z) = fa(x) =
fa@) = 2* + 22 + 2 + 1L.Thus C = (1 +
20?) f1, (20 + 20?) f2, (v + 20?) f3). C is a linear cyclic code
of length 12. The dual code Ct = ((1 + 2v2)h, (2v +
202)h3, (v + 2v?)h3) can be obtained of Proposition 20.
Clearly, C+ C C. Hence, we obtain a quantum code with
parameters [[36, 18, 2]].

Let n = 27. We have 227 — 1 = (z — 1)3(2® — 1)*(2® —
2234+1)% in Z3[x]. Let f1(z) = fa(z) = f3(x) = 2 —223+1.
Hence, we obtain a quantum code with parameters [[81, 45, 2]] .
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Let n = 30. We have 2%0 — 1 = (22 + 2)3(2? +
2+ 2?2+ x + 13t + 22 + 22 + 20 + 1)2 in
Zs[z]. Let fi(x) = f3(x) = z* + 2% + 22 + 2 + 1,
f2 (z) = 2% +22% + 2% + 22 + 1. Hence, we obtain a quantum
code with parameters [[90, 66, 2]] .

Example 31: Let n = 3. We have 23 +1 = (z+1)°
in Zg[z]. Let f1(z) = fa(z) = fs(z) = = + 1. Thus
C={((1+2v)f1, (2v+ 2v?) fa, (v + 20v?) f3). C'is a linear
negacyclic code of length 3. The dual code C+ =< (1 +
20%)h}, (2v + 2v%)h}, (v + 2v?) h5 > can be obtained of
Proposition 20. Clearly, C 1 C C. Hence, we obtain a quantum
code with parameters [[9, 3,2]].

Example 32: Let n = 10. We have z'© + 1 = (2® +
D(x* + 2% + 22 + 1)(z* +22° + 2 + 1) in Z3[z]. Let
fil@)=2*+22+20+1, fo(2) = f3(2) = ¥+ 222+ + 1.
Thus C' = ((1 4 2v?) f1, (2v + 20?) fo, 21} +20%) f3). C'is a
linear negacyclic code of length 10. The dual code C+ =
((1+2v%)h3, (2v + 20?) h, (v + 2v?) h3) can be obtained
of Proposition 20. Clearly, C+ C C. Hence, we obtain a
quantum code with parameters [[30,6,4]] .

Example 33: Letn = 12. We have 2% +1 = (2?+1)(2?+
r+2) (2 +22+2) (222 +22+1 (222 +  + 1) in Z3 [z]. Let
f1(@) = 224242, fo (2) = 222 4+2+1, f3 (z) = 2% +20+2.
Thus C' = ((1 4 2v?) f1, (2v 4 20?) fa, (v +2v?) f3). C'is a
linear negacyclic code of length 12. The dual code C+ =<
(1+2v%)h}, (20 + 2v?) k3, (v + 202) b3 > can be obtained of
Proposition 20. Clearly, C+ C C. Hence, we obtain a quantum
code with parameters [[36, 24, 2]] .

V. CONSTACYCLIC CODES OVER R

Let A\ = a + Bv + yv? be unit element of R. Note that
A" =1if neven A" = X\ if n odd. So we only study A-
constacyclic codes of odd length.

Proposition 34: Let o be the map of R [x]/ (z" — 1) into
R[z] /(™ — X) defined by g(a(x)) = a(Az). If n is odd, then
o is a ring isomorphism.

Proof: The proof is straightforward if n is odd,
a(x) = b(x)(mod(x™ — 1)) iff a(Azx) = b(Ax)(mod(z™ — \))
|

Corollary 35: 11is an ideal of R[z]/(z™ — 1) if and only
if o(I) is an ideal of R [x]/ (z™ — ).

Corollary 36: Let p be the permutation of R" with n odd,
such that @(CL(), A1y ey an,l) = (a(), Aay, )\2(12..., A"’lan,l)
and C be a subset of R™ then C is a linear cyclic code iff
0(C) is a linear A-constacyclic code.

Corollary 37: C is a cyclic code of parameters (n, 3", d)
over R iff 9(C) is a A-constacyclic code of parameters
(n,3%,d) over R, when n is odd.

Theorem 38: Let A be a unit in R. Let C = (1420v2)C1 @
(20 + 2v%) Co® (v + 20v?) C; be a linear code of length n over
R. Then C'is a A-constacyclic code of length n over R iff C;
are either cyclic codes or negacyclic codes of length n over
Z3 fort=1,2,3.

Proof: Let v be the M\-constacyclic shift on R"™.
Let C' be a A-constacyclic code of length n over R.Let
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(ao,al,...,an,l) € Cl,(b(],bl,...,bnfl) S Cy and
(co, €1y ey Cn—1) € Cs3. Then the corresponding element of C
is (mo,m1,...,mp_1) = (1 + 2v*)(ag, a1, ..., an_1) + (20 +
21)2)(190, bl, ceny bn,1)+(v+2v2)(co7 Clyeeny Cnfl). Since C'is a
A-constacyclic code so, v(m) = (Amp—1, Mo, ..., Mp_2) € C
where m; = a; + bjv + v?¢; for i = 0,1,....n — 1. Let
A = a+ B+ vy, where a, 3,7 € Z3. v(m) = (1 +
202)(Aan—1, a0, -y An—2) + (20 +202) (Abp_1, bg, .y by—2) +
(v+2v?)(Aep—1, o, -y Cn—2). Since the units of Z3 are 1 and
—1, so a = +1. Therefore we have obtained the desired result.
The other side it is seen easily. ]

VI. SKEw CODES OVER R

We are interested in studying skew codes using the ring
R = Zs + vZs + v2Z35 where v3 = v. We define non-trivial
ring automorphism 6 on the ring R by 6 (a + vb + vzc) =
a + 2bv + v2c for all a + vb+ v?c € R.

The ring R[x,0] = {ap + a1x + ... + ap_12" ' : a; € R,
n € N} is called a skew polynomial ring. This ring is a non-
commutative ring. The addition in the ring R[z, 6] is the usual
polynomial addition and multiplication is defined using the
rule, (az?)(bz?) = ab’(b)z**7. Note that 6?(a) = a for all
a € R. This implies that # is a ring automorphism of order 2.

Definition 39: A subset C' of R™ is callled a skew cyclic
code of length n if C satisfies the following conditions,
i) C is a submodule of R",
W) If ¢ = (co,¢1yeeryCne1)

(6(cr—1,0(co), ..., 0(cn—2)) € C.

Let f(z) + (2™ — 1) be an element in the set R, =
R[z,0] /(z™—1) and let r(z) € R [z, ). Define multiplication
from left as follows,

r(@)(f(2) + (&" = 1)) = r(x) f(z) + (2" = 1)
for any r(z) € R [z, 6)].

€ C, then oy (c)

Theorem 40: R, is a left R [x,0]-module where multipli-
cation defined as in above.

Theorem 41: A code C in R, is a skew cyclic code if
and only if C is a left R [z, §]-submodule of the left R [, 0]-
module R,,.

Theorem 42: Let C' be a skew cyclic code in R,, and let
f(z) be a polynomial in C' of minimal degree. If f(x) is monic
polynomial, then C' = (f(z)) where f(z) is a right divisor of
" — 1.

Theorem 43: A module skew cyclic code of length
n over R is free iff it is generated by a monic
right divisor f(z) of 2" — 1. Moreover, the set
{f(x),zf(x), 2% f(z),...,x" e @)=1 ()} forms a
basis of C' and the rank of C is n — deg(f(z)).

Theorem 44: Let n be odd and C be a skew cyclic code
of length n. Then C' is equivalent to cyclic code of length n
over R.

Proof: Since n is odd, gcd(2,n) = 1. Hence there exist
integers b, c such that 2b+nc =1. So2b=1—-—nc =1+
zn where z > 0. Let a(x) = ag + 12 + ... + ap_12"!
be a codeword in C. Note that z%%a(z) = 6% (ag)z!t*" +
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62°(a1)x® T + ..+ 0%%(a, )" T = ap g +aox + ...+
an_ox" 2 € C. Thus C is a cyclic code of length n. ]

Corollary 45: Let n be odd. Then the number of distinct
skew cyclic codes of length n over R is equal to the number of
ideals in R [z] /(2™ — 1) because of Theorem 44. If 2™ — 1 =
[T, p;*(x) where p;(x) are irreducible polynomials over Zs.
Then the number of distinct skew cyclic codes of length n over
Ris [Ti_o(si + 1)°.

Example 46: Let n = 27 and f(z) = 23 — 1. Then f(z)
generates a skew cyclic codes of length 27. This code is
equivalent to a cyclic code of length 27. Since 227 — 1 =
(x—1)3(23 —1)*(2% — 223 4+ 1)2, it follows that there are 60°
skew cyclic code of length 27.

Definition 47: A subset C' of R" is called a skew quasi-
cyclic code of length n if C satisfies the following conditions,
i) C is a submodule of R™,
i1) If € = (€0,0, -+, €0,1—15 €1,05 -+ €1,1—1, -+, €5-1,05 - €5—1,1—1)
€ C, then
7,50 (€) = (0(es—1,0); -, O(es—1,1-1),0(€0,0)s -, O(€0,1-1) s -
9(65—2,0)3 ) 0(65—2.}—1)) eC.

We note that 2° — 1 is a two sided ideal in R [z, 0] if m|s
where m is the order of § and equal to two. So R [z, 0] /(z° —
1) is well defined.

The ring R, = (R[z,0]/(z* — 1))} is a left R, =
R[z,0] /(z® — 1) module by the following multiplication on

the left f(z)(g1(2), ..., gi(2)) = (f(2)g1 (), ... f(2)gi(2)). If
the map + is defined by

V:R”HRi

(60,0, <3 €0,1—15,€1,05 -y €1,1—15 -+ €5—1,0; -~-’€s—1,l—1)‘ —
(eo(x),...,e;_1(x)) such that e;(z) = Y7 e 2" € R
where 7 = 0,1,....,1 — 1 then the map -y gives a one to one
correspondence R™ and the ring R..

Theorem 48: A subset C' of R" is a skew quasi-cyclic code
of length n = sl and index [ if and only if v(C) is a left R;-
submodule of R..

A code C is said to be skew constacyclic if C
is closed the under the skew constacyclic shift oy
from R™ to R™ defined by oy ((co,c1,...s0n-1)) =
(G(Acn—l)79(60)5---a9(cn—2))-

Privately, such codes are called skew cyclic and skew
negacyclic codes when A is 1 and —1, respectively.

Theorem 49: A code C of length n over R is skew
constacyclic iff the skew polynomial representation of C' is
a left ideal in R[z,0] /(2™ — A).

VII. THE GRAY IMAGES OF SKEW CODES OVER R

Proposition 50: Let og be the skew cyclic shift on R", let
¢ be the Gray map from R™ to Z3" and let ¢ be as in the
preliminaries. Then ¢og = pp¢ where p(z,y,z2) = (z,2,y)
for every z,y,z € Z3.

Proof: Let r; = a; + vb; + v2c; be the elements of
R, for i = 0,1,.....,n — 1. We have oy (ro,71,...,T"n—1) =
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(0(rn-1),0(ro),...,0(rn—2)). If we apply ¢, we have
§b (0'9 (7’(), ceey ’I"nfl)) (]5(9(7’71,1), 9(7’0)7 ceny G(Tnfz))

(An—1y ey Gn—2,ap—1 + 2bp_1 +
Cn1y ey Up_2 4+ 2bp_o + Cp_o,
Qn_1+bn_1+Cp 1,0y Qp_o+
bp—2 + cp_2)

On the other hand, ¢(rq, ..., 7n—1) = (Gg, ..., @n_1,a0 + bo +

€Oy ey An—1+bp_1+Cn_1,a0 +2bg +co,y oy A1+ 20,1 +
¢n—1). If we apply ¢, we have
©(d(ro, 71,05 Tn—1)) = (@p—1,.s@p_2,apn_1 +

bnfl + Cn—1,-s0pn—2 + bn72 + Cn—2,0n—1 + 2bn71 +
Cr—1y ey Up_2 + 2by_o + cp_2). If we apply p, we have
p(gp (¢ (T07r13 ---;rn—l))) = (an—ly vy Qp—2, Gp—1 + 2bn—1 +
cnflv~~~7an72+2bn72+cn727an71+bn71+cn717~~7an72+
bp—2 + ¢n_2). So, we have ¢og = ppo. [ ]

Theorem 51: The Gray image a skew cyclic code over R
of length n is permutation equivalent to quasi-cyclic code of
index 3 over Z3 with length 3n.

Proof: Let C be a skew cyclic codes over S of length n.
That is 09 (C) = C. If we apply ¢, we have ¢(09(C)) = ¢(C).
From the Proposition 50, ¢(o¢(C)) = ¢(C) = p(p(6(C))).
So, ¢(C) is permutation equivalent to quasi-cyclic code of
index 3 over Z3 with length 3n. ]

Proposition 52: Let 19 5; be skew quasi-cyclic shift on
R", let ¢ be the Gray map from R" to Z3", let I be as
in the preliminaries, let p be as above. Then ¢7p o ; = pI'g.

Theorem 53: The Gray image a skew quasi-cyclic code
over R of length n with index [ is permutation equivalent to [
quasi-cyclic code of index 3 over Z3 with length 3n.

Proposition 54: Let oy ) be skew constacyclic shift on R",
let ¢ be the Gray map from R" to Z3", let p be as above.
Then ¢v = pdoyp. ».

Theorem 55: The Gray image a skew constacyclic code
over R of length n is permutation equivalent to the Gray image
of a constacyclic code over Z3 with length 3n.

The proofs of Proposition 52, 54 and Theorem 53, 55 are
similiar to the proofs Proposition 50 and Theorem 51.

VIII. QUASI-CONSTACYCLIC AND SKEW
QUASI-CONSTACYCLIC CODES OVER R

Let M, = R[z]/(x® — \) where X is a unit element of
R.

Definition 56: A subset C' of R™ is a called a quasi-
constacyclic code of length n = [s with index [ if
i) C is a submodule of R™,
i1) if € = (€0,05 -y €0,1—15 €1,0 <+ €1,1—15 -y €5—1,05 +vr €5—1,1—1)
€ C then
Vi (€) = (Aes—1,05 s ANEs—1,1-1,€0,0; -+ €0,1—15€1,0; -5 €1,1—1
yoeey €5—-2.05 +eny 65_271_1) eC.
When A = 1 the quasi-constacyclic codes are just quasi-cyclic
codes.

Since z* — A = fi(x) fa(x)...fr(z), it follows that
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Rla] /(2* = A)' = (R[a] /(f1(2))' % (R 2] /(f2(2)))' x

(
x (R[] /(fr()))"-

Every submodule of (R [z] /(x* — \))! is a direct product
of submodules of (R [x] /(fi(x)))! for 1 <t <.

Theorem 57: If (s,3) = 1 then a quasi-constacyclic code
of length n = sl with index [ over R is a direct product of
linear codes over R [z] /(fi(z)) for 1 <t <.

Let 2° — A = fi(z)f2(z)...fr(z) be the factorization of
2® — X into irreducible polynomials. Thus, if (s,3) = 1 and C;
is a linear code of length [ over R[z] /(fi(z)) for 1 <t <,
then [[;_, C; is a quasi-constacyclic code of length n = sl
over R with [],_, |C;| codewords.

Define a map y : R" — M! by x(e) =

(eo (z),e1 (x), . er1 () where ¢j (z) = S0 lejat €
M, j=0,1,....,01—1.

Lemma 58: Let x (C) denote the image of C' under x. The
map x induces a one to one correspondence between quasi-
constacyclic codes over R of length n with index ! and linear
codes over M, of length .

We define a conjugation map on M as one that acts as the
identity on the elements of R and that sends z to ! = 2571,

and extended linearly.

We define on R"=*' the usual Euclidean inner product for

€= (60,0, <23 €0,1—-1,€1,05 -+, €1,1—15+-+, €5—1,0, ---765—1,1—1)
and
€= (€0,0 +++s CO,I=15 C1,05 +++» C1,l—15 +r Cs—1,05 -+ Cs—1,1—1)
we define e.c = 3 7_ ZJ b€y
On Mé, we define the Hermitian inner product
for a(z) = (ap(x),a1(x),...,a—1(x)) and b(z) =
(bo(x),b1(2), ..., bi—1(x)),

-1
b) =Y a;(x)b;(x)
=0

Theorem 59: Let e,c € R". Then (V’/{J (e)) .c = 0 for
all k=0,...,s — Liff (x(e),x(c)) =0.

Corollary 60: Let C be a quasi-constacyclic code of length
sl with index [ over R and y (C) be its image in M! under .
Then x (C)" =y (C*), where the dual in R* is taken with
respect to the Euclidean inner product while the dual in M!
is taken with respect to the Hermitian inner product. The dual
of a quasi-constacyclic code of length sl with index [ over R
is a quasi-constacyclic code of length sl with index [ over .

From [22] we get the following results.

Theorem 61: Let C be a quasi-constacyclic code of length
n=sl with index 1 over R. Let C* is the dual of C. If C =
Ci®Co®..0Crthen Ct =Ci 0 Ci @ ...0 Ct.

Theorem 62: Let C = C7 & Co @ ... ® C,. be a quasi-
constacyclic code of length n=sl with index 1 over R where
C; is a free linear code of length 1 with rank k; over
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R[x] /(fi(x))for 1 < ¢ < r. Then C is a x-generator quasi-
constacyclic code and C* is an (I — x’)-generator quasi-
constacyclic code where k = max;(k;) and ' = ming(k;).

Let My s = Rx,0]/(x® —\) where )\ is a unit element
of R. Let 6 be an automorphism of R with [(f)| = m = 2.

Definition 63: A subset C' of R™ is a called a skew
quasi-constacyclic code of length n = s, m|s, with index [ if
i) C is a submodule of R™,

i1) if € = (€0,05 -+ €0,1—15€1,05 -+ €111 -y €5—1,05 -+ €s—1,1—1)
€ C then

Vg,)\J (6) = (9 (/\65_170) g esny 9 (/\65_1,[_1) ) 9 (6070) g ooy 9 (6075_1)
,0 (6170) sy 0 (6171_1) sy 0 (65_2,0) .., 0 (65_271_1)) cC.

When A = 1 the skew quasi-constacyclic codes are just
skew quasi-cyclic codes.

The ring M, L s a left My s module where we de-
fine multlpllcatlon from left by f(z)(g1(x),...,q(z)) =
(f(@)g1(2), ... f () g1 ().

Define a map A : R" — My, by Ale) =
(eo (z),e1(x),...,e1_1 () where e; () = 5 le i e
Mys, 7 =0,1,...,01 -1

Lemma 64: Let A (C') denote the image of C' under A. The
map A induces a one to one correspondence between skew
quasi-constacyclic codes over R of length n with index [ and
linear codes over Mpy , of length [.

Theorem 65: A subset C' of R™ is a skew quasi-
constacyclic code of length n = [s with index [ iff is a left
submodule of the ring Mé,s.

Proof: Let C be a skew quasi-constacyclic code of index
I over R.Suppose that A (C) forms a submodule of Mj .
A(C) is closed under addition and scalar multiplication.
Let A(e) = (eg(x),e1(x),....,ei—1(x)) € A(C) for e =
(60,0,-~-,€0,l—1,€1,o,---,61,5—17~--7€s—1,0,-~-,€s—1,z—1) c C.
Then zA (e) € A (C) . By linearity it follows that r (z) A (e) €
A (C)l for any r(x) € My . Therefore, A (C) is a left module
of My .

Conversely, suppose E is an My , left submodule of Mé’s.
Let C = A"Y(E) = {e€ R": A(e) € E}. We claim that
C is a skew quasi-constacyclic code of R. Since A is a
isomorphism, C' is a linear code of length n over R. Let

€ = (€0,05 1 €0,1—15 €1,05 oy €111 -0 €5—1,05 -+, €s—1,1—1) €
C. Then A (e) = (eg (z) ,e1 (z),...,e1—1 (z)) € A(C), where
ej(z) =L eiat EMgngI']—O 1,..,0 — 1. It is easy
to see that A (Vg (e)) = z(eo(x), el(x) wne—(z) =
(xeg (z),ze1 (x),...,zei—1 (z)) € E. Hence V5, (e) € C.
So, C' is a skew quasi-constacyclic code C'. ]

On R"=*! the usual Euclidean inner product for

€= (60,07 <3 €0,0—1,€1,0y -3 €1,1—1y -++3 €5—1,05 +-+» esfl,lfl)
and
C = (60,07 ...76071_17 6170, ceey 6171_1, ceey CS—l,Oa --~7Cs—1,l—1)

we define e.c = Y ;i ZJ oemcw We define a conju-
gation map Q on Mj such that Q(cz?) = 071 (c)z*~1,0 <
i < s—1, and extended linearly. We define the Herm1t1an
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inner product for a = (ag(x),a1(x),...,a;—1(x)) and b =

(bo(x),01(), ., b1 (2)),
-1
b) = a;(@)(b;(x)).
j=0
Theorem 66: Let e,c € R™. Then (V5 (e )) .c =0 for

all k=0,...,s — 1iff (A(e),A(c)) =0.

Proof: Since 0° = 1, (e, c) = 0 is equivalent to

-1 -1 /s—1 s—1
0 = e () (¢j(x)) = Z (Z €ijT ) Q (Z Chj T >
§=0 7=0 \i=0 k=0
-1 /s—1 s—1
= Z < eijaf) ( 9_1(ij)$g_k>
§=0 \i=0 k=0
-1 [1-1s-1

7=0 \ 7=0 =0

where the subscript ¢ + h is taken modulo s. Equat-
ing the coefﬁc1ents of z" on both sides, we have
Z Z OwH_h] h(c”) = 0, for all 0 < h <

s — 1 Y000y erngt(ey) =
Gh(V; VG ) c) = 0 which is further equivalent to
Ve)\z( ¢) =0, forall 0 < h < s—1. Since 0 < h <
s — 1, condition is equivalent to (V’g,u (e)) .c = 0 for all
k=0,..,s— 1

0 is equivalent to

Corollary 67: Let C' be a skew quasi-constacyclic code
of length n = sl with index [ over R. Then Ct =

{a(x) €M), ¢ (a(),b(x)) =0, ¥ b(x) € C}

Corollary 68: Let C be a skew quasi-constacyclic code of
length s/ with index [ over R and A (C)) be its image in M}

under A. Then A (C)" = A (C+), where the dual in R*
is taken with respect to the Euclidean inner product, while
the dual in M0 is taken with respect to the Hermitian inner
product. The dual of a skew quasi- constacychc code of length
sl with index [ over R is a skew quasi-constacyclic code of
length sl with index [ over R.

Proposition 69: Let Vg x; be skew quasi-constacyclic
shift on R", let ¢ be the Gray map from R" to Zg". Then
OV = pdVoars, where p(z,y,z) = (z,z,y) for every
T,Y,2 € Z3.

Proof: The proof is similar to the proof of Proposition
50. ]

Theorem 70: The Gray image a skew quasi-constacyclic
code over R of length n is permutation equivalent to the Gray
image of a quasi-constacyclic code over Z3 with length 3n.

Proof: The proof is similar to the proof of Theorem 51.
|
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IX. 1-GENERATOR SKEW QUASI-CONSTACYCLIC CODES
OVER R

A 1-generator skew quasi-constacyclic code over R is
a left My -submodule of M} generated by f(x) =
(f1(z), f2(2), ..., filz)) € Mé has the form C =
{9(2) (f1(z), fo(x), ..., fi(x)) : ( ) € My s}. Define the

following map
I : My , — My,

defined by (e1 (x),e2 (x),....,e; () — e;(x), 1 < i < L.
Let IT;(C) = C;. Since C is a left Mj ,-submodule of Mj _,
C; is a left My s-submodule of My, S7that is a left ideal of
My . C; is generated by fi(x). Hence C; is a principal skew
constacyclic code of length n over R. f;(x) is a monic right
divisor of z* — X that is z° — XA = h;(x) fi(z), 1 <4 <.

A generator of C' has the form

f(x) = (91(2) f1(2), 92(2) fa(2), ... 1) fi())

where g;(z) € Rz, 0] such that g;(z) and h;(x) are right
coprime for all 1 <7 <.
Definition 71: Let C = (g1(z) (%), g2(2) f2(@), ..., i ()

fi(z)) be a skew quasi-constacyclic code of length n = sl
with index [. Then unique monic polynomial

f(x) = geld(f(x),2°—A) = geld(f1(2), f2(), ..
is called the generator polynomial of C.

Theorem 72: Let C be a l-generator skew quasi-
constacyclic code of length n = sl with index [ over R
generated by £(x) = (1(x), folx), . fi(x)) where f;(z) is a
monic divisor of z® — A. Then C is a R-free code with rank
s—deg(f(x)) where f(z) = geld(f(x),2°— ). Moreover, the
set {f(x), 2f(x), ..., 2"~ 98(F(@)=1f(x)} forms an R-basis of
C.

S fi(x), 25 =X)

Proof: Since gcld(fi(x),z® — A) = m;(x), it follows
m

that f(xz) = gcld(my(x), ma(x), ..., l(x)) where TII; (C) =
(filz)) = ( (m)) w1th m;(z)|(z® — A) for all 1<i<L
Let ¢(z) Z: et and c(z)f(x) = 0. Then (z° —
Ale(z) fi(z )frall<1§l Hence (z° — )I (z) fi(x)ei(x)
with geld(c;(x )g} 2) = 1. That 1s f |c(x) which
implies that &( )A| (:c) Since deg(*; ( )A) = s—k >

deg(e(x)) = n— k — 1, it is follows that ¢(x) = 0. Thus,
f(x), of(x), ...,x”_deg(f(””))_lf(x) are R-linear independent.
Further, f(x),xf(x) " deg(f(z)) 1f(x) generate C. So,
{f(x), zf(x),...,a"~ deg(f(m) (x)} forms an R-basis of C.

|

CONCLUSION

In this paper, we have introduced skew cyclic, skew quasi-
cyclic, skew constacyclic and skew quasi-constacyclic codes
over the finite ring R. By using the Gray map, we have studied
the Gray images of cyclic, quasi-cyclic, constacyclic and their
skew codes over R. We have obtained a representation of a
linear code of length n over R using Cy, Cy and C3 which
are linear codes of length n over Z3. We have obtained the
parameters of quantum error-correcting codes from both cyclic
and negacyclic codes over R. We have determined a sufficient
condition for 1-generator skew quasi-constacyclic codes to be
free.
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